GIRRAWEEN HIGH SCHOOL

HALF YEARLY EXAMINATIONS

2018

MATHEMATICS
EXTENSION 2

Time Allowed: Two hours
(Plus 5 minutes reading time)
Total Marks: 95

Instructions:
e There are 11 questions in this paper. All questions are compulsory.
Use blue or black pen.
Write all your answers in the Answer Booklets provided.
For Questions 1 — 5, fill in the circle corresponding to the correct answer in your
answer booklet.
For Questions 6 — 11, start each question on a new page.
Write on both sides of the paper.
Show all necessary working.
Board-approved calculators may be used.
Mathematics reference sheets are provided.
Marks may be deducted for careless or badly arranged work.
Write ‘End of Solutions’ at the conclusion of your solutions to the task.
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Questions 1 - 5 (5 marks)

Fill in the circle corresponding to the correct answer in your answer booklet.

1 What is the value of E if z=—-1+i?
f 74

(A) —3-3i
(B) —3+3i
(C) 3-3i
(D) 3+3i

2 If wisanimaginary cube root of unity, then (1 + w - mz]m” is equal to:

A) - 22017
B) 52017

©) - 52017 2
D) 227>

3 The equation 24x° - 12x* - 6x + 1= 0 hasroots «, Band Y .
What is the value of aif a=pB+y.

1
(A) )
g 1
(B) 2
o 1
©) 2
DO) 1
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4 The equations of the asymptotes of the hyperbola 9x” - 4)° = 36 are:

(A x=4%

=

~—
sy
N—r
=
1
I+
=

Bl RO NW N w
<

~—
O
N—r
=
|l
I+
=

2 2

5 The foci of the ellipse X 1 are:
9 16

(A) (0,47
B) (=7),0)

( \
J7
C 0,+—
© (0=
( \
J7
(D) +—,0
\ 4
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Question 6 (28 marks)

a. Let w, =8-2iand w, = -5 + 3i. Find the value of:

| [2]
() o,
(i) w, +w, [2]
2-i)(8+3i
b. Reduce the complex expression w to the form
I
a + ib where a and b are real numbers. [3]
c. (i) Express JST - i in modulus-argument form. [2]
(ii) Hence evaluate (\E - f)6 . [3]
d. Sketch the region defined by:
T T .
z-(3+ 1)< 3 and Z< arg[z-(1+1)] < 5 are satisfied. [4]
e.If z=cos @+ isin@
. 1
(i) Show that 2" + — = 2cosné . [2]
Z
. 1
(i) Hence show that cos' @ = 3 (cos 48 + 4cos 286 + 3). [3]
f. (i) Show that cos 36 =4 cos’ @ - 3 cosé. [2]
(i) Using the equation 8x> - 6x - 1 = 0 and letting x = cos 6, [1]
1
deduce that cos 36 = >
(iii) Find the roots of 8x” - 6x - 1 = 0 in terms of cos@ . [2]
. 2 4
(iv) Hence evaluate cosgcos?n cos?jrr : [2]
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Question 7 (20 marks)

a. The equation X - 4x2 + 5x + 2 =0 hasroots o, B and .

Find (i) a+B+y [1]
(i) af+By+ya [1]

(iii) o + B* + Y [2]

(iv) @+a)(2+PB)(2+Y) [2]

b. (i) Find @ and b such thatx = 2 is a double root of f(x) = x*+ax® + x2+ b [2]
(ii) For the values of a and b above, factorise f(x) over the real numbers. [2]

c. Let a,B andy be the roots of the equation x*-5x*+5=0.

(1) Find a polynomial equation with integer coefficients whose roots are

a-1,B-1and y-1. [2]
(i) Find a polynomial equation with integer coefficients whose roots are

o’ Bz and yz. [2]
(iii) Find the value of o+ B>+ v*. [2]

d. Given that 2 + 3iis a solutionto x* - 6x> + 26x% - 46x + 65 = 0

(i) State why 2 - 3; is also a solution. [1]

(if) Hence, completely solve x"-6x® + 265" - 46x +65=0 [3]
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Question 8 (12 marks)

2 2

a. Point P (x,,y,) is on the ellipse ;—5 + % =1.
(1) Find the coordinates of the foci and the equations of the directrices. [2]
(i) Sketch the ellipse, clearly showing all important features. [2]
(iii) Show that the equation of the tangent at P is xz—;ﬂ + % =1. [2]

(iv) Let the tangent at P meet a directrix at a point Q.

Show that 2P S Q is a right angle, where S is the corresponding focus. [4]

b. Describe the locus of z, stating its equation, if |z + 3| + |z- 3| = 10. [2]

Question 9 (7 marks)

2 2
Consider the hyperbola % -

=

=1.
12

(i) Sketch the graph of the hyperbola, clearly showing:
- any intercepts made with the axes
- the coordinates of the foci
- the equations of the directrices
- the equations of the asymptotes. [4]

(i) T(x,,»,)Iisapointon the hyperbola.

The equation of the tangent to the hyperbola at T is

A 1 [Do not prove this]
—_— - — = ve this].
4 12 P

P(4, 6)and Q(14, 24) are two points on the hyperbola.

M is the midpoint of PQ and O is the origin.

The tangents to the hyperbola at P and Q intersect at the point R.

Show that the points R, O and M are collinear. [3]
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Question 10 (15 marks)

2 2
a. P[ 2p, —J and Q[ 24, —J are points on the rectangular hyperbola xy =4 .
p q

M is the midpoint of the chord PQ. P and Q move on the hyperbola so
that the chord PQ always passes through the point R(4, 2).
) by
NOTTO
SCALE

(i) Show that the equation of the chord PQ is x + pgy = 2(p + q) . [3]
(ii) Show that pg=p+q-2. [1]

(iii) Hence find the equation of the locus of M, as P and Q move
on the curve xy=4. [3]

b. P(cp, EJ and Q[ cq, EJ are points on the rectangular hyperbola x y = -
P q

Tangents to the hyperbola at P and Q intersect at the point R .

(i) Show that the tangent to the rectangular hyperbola at the point [ct, ﬂ

has the equation x + tzy = 2ct . [2]
2 2¢
mﬁmwmmR=fﬁﬂ,—iJ [3]
P+q ptyq
(iii) If P and Q are variable points on the rectangular hyperbola
which move so that p2 + qz = 2, find the equation of the locus of R. [3]
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Question 11 (8 marks)

In the diagram, PQ is a diameter of the circle. The chords QR and PS
intersect at X. The point C lies on PQ such that XC is perpendicular to PQ.
The point B is the intersection of PR produced and CX produced.

(i) Trace or copy the diagram into your booklet and

show that 2PBC = £PQR . [2]
(if) Show that SBRX is a cyclic quadrilateral. [3]
(iii) Show that the points B, S and Q are collinear. [3]

END OF EXAMINATION
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